We consider the relative entropy between the vacuum state and a state obtained by applying an exponentiated stress tensor to the vacuum of a chiral conformal field theory on the lightray. The smearing function of the stress tensor can be viewed as a vector field on the real line generating a diffeomorphism. We show that the relative entropy is equal to c/12 times the so-called Schwarzian action of the diffeomorphism.
Introduction
Quantum information theoretic considerations in quantum field theory have attracted a lot of attention in recent years, not least due to intriguing relations with quantum field theory in curved spacetime or even (quantum) gravity theory, for instance through the "quantum focussing conjecture", its relation with Bekenstein bounds [1] , the "quantum null energy condition" [2, 3] , "c-theorems" [5] and many other topics. See e.g. [4] for a survey with many references. See e.g. the book [6] for an exposition of holographic ideas in this context.
In this short note we study chiral conformal field theories (CFTs), i.e. a 1-dimesional chiral half of a full 1 + 1-dimensional CFT living on one lightray. We consider the the vacuum state |Ω 0 , and a state |Ω f = exp(i Θ(u) f (u)du)|Ω 0 , where f (u) is a real valued smooth testfunction on the lightray which is zero outside a bounded set lying in the positive real axis. Θ(u) is the stress tensor on the light-ray. We think of |Ω f as the analogue of a coherent state in the CFT.
Let A be the subalgebra of all observables consisting of those which are localized on the positive real half line. Then we obtain partial states corresponding to |Ω 0 resp. |Ω f with respect to this sub-algebra. We formally denote their reduced density matrices by ρ 0 and ρ f and we consider their relative entropy S(ρ 0 /ρ f ) = Tr[ρ 0 (log ρ 0 − log ρ f )]. Our aim is to demonstrate that this quantity -defined rigorously with operator algebraic methods -is equal to the Schwarzian action associated with the function f (u). More precisely, consider the map s → e s = u from the real line to the positive reals. Under this map, f (u), viewed as a vector field, transforms to F(s) = e −s f (e s ). Let ϕ t (s) be the flow of this vector field, i.e. the solution to dϕ t (s)/dt = F(ϕ t (s)) and ϕ 0 (s) = s. We write ϕ 1 (s) = ϕ(s). Then we shall prove by an elementary argument that 1
where c is the central charge. 2 I is the so-called "Schwarzian action", which has appeared in a number of other contexts, for instance the SYK-model, holographic description of the Jackiw-Teitelboim dilaton gravity, or open string theory, see e.g. [7, 8, 9, 10, 11, 12, 13] . The relative entropy between the vacuum state and a coherent state (defined in a different fashion) has also recently appeared in works by Casini et al. [14] and Longo [16] in the context of a free scalar field. While these works are more restrictive in that only a free theory is considered, they are more general in that the results hold also for a non-zero mass and arbitrary dimensions. In [14] , particular attention is paid to the role of boundary terms in the action which would become relevant in our case if we were to choose an f whose support spills over onto the negative real axis. It would be interesting to investigate this further. Some interesting formulae for relative entropies in conformal field theory for states generated by a local primary have also been obtained by [15] , pointing perhaps to a generalization of our result to other states 3 . In view of a wider potential significance for gravity, it would be desirable to clarify the connection between our result to ideas from holography such as in [20, 21, 22 ].
Notation and CFT basics
Here 4 we describe our notation and basic facts about the stress tensor in two-dimensional conformal field theories (CFTs). Our conventions follow those used in [23] where more details relevant for our context can be found. As is well-known, the stress energy operator in a CFT on (1 + 1)-dimensional Minkowski spacetime has two independent, commuting ("left and right chiral") components depending only on the left and right moving light-ray coordinates u = x 0 − x 1 , v = x 0 + x 1 , respectively. Focussing on one of them, we get a quantum field Θ(u) living on one of the light-rays. A light-ray may be compactified to a circle via the Cayley transform, and in this way we get a quantum field T (z) on the circle. In order to set up the theory 1 The total derivative term in the action may be dropped since ϕ(s) = s for sufficiently large |s|. 2 In the black hole context, u corresponds to the affine parameter of null geodesics ruling the horizon, and s = κt, where t is the "Killing parameter" related to the horizon Killing field. In Schwarzschild, t is the usual time coordinate and κ, the surface gravity, is 1/2M. In the black hole case, there would be an additional prefactor 1/κ in front of I, which one can see already by dimensional analysis. 3 For localized states in the case of a U(1)-current field, see e.g. [17] . Replica method computations of relative entropies of states excited by some local operator in various CFTs have been given carried out by [18, 19] . 4 This review section is basically taken from [23] .
in a mathematically precise way, it is in some sense most natural to turn this story around and start from the quantum field T (z) on the circle, which we shall do now. The basic algebraic input is the Virasoro algebra. It is the Lie-algebra with generators {L n ,C} n∈Z obeying
A positive energy representation on a Hilbert space H is a representation such that (i) L * n = L −n (unitarity), (ii) L 0 is diagonalizable with non-negative eigenvalues, and (iii) the central element is represented by C = c1. From now, we assume a positive energy representation. We assume that H contains a vacuum vector |Ω 0 which is annihilated by L −1 , L 0 , L 1 , (sl(2, R)-invariance) and which is a highest weight vector (of weight 0), i.e. L n |Ω 0 = 0 for all n > 0. One has the bound [24, 25, 26, 27 ]
for |Ψ ∈ k≥0 D(L k 0 ) ⊂ H and any natural number k. One next defines from the Virasoro algebra the stress tensor on the unit circle S, identified with points z = e iθ , θ ∈ R in C. The stress tensor is an operator valued distribution on H defined in the sense of distributions by the series
More precisely, for a test function f ∈ C ∞ (S) on the circle, it follows from (2.2) that the corresponding smeared field
is an operator defined e.g. on the dense invariant domain k≥0 D(L k 0 ) ⊂ H (which can be shown to be a common core for the operators T ( f )) and the assignment f → T ( f )|ψ is continuous in the topologies on C ∞ (S) and H for any vector in this domain. Letting Γ be the anti-linear involution
the smeared stress tensor is a self-adjoint operator on D(L 0 ) for f obeying the reality condition
A real test function (in the above sense) defines a real vector field f ∈ Vect R (S) by means of the formula
where ie iθ g ′ (e iθ ) = d dθ g(e iθ ). Under this correspondence, if we define l n (z) = z n+1 then the corresponding complex vector fields l n = z n+1 d dz ∈ Vect C (S) = Vect R (S) ⊗ R C satisfy the Witt algebra [l n , l m ] = (m − n)l n+m (2.7)
under the commutator of vector fields, and furthermore iT (l n ) = L n . For real f ∈ C ∞ (S), we denote by ρ t ∈ Diff(S) the 1-parameter flow of diffeomorphisms generated by the corresponding vector field f, in formulas,
Note that ρ t leaves invariant all z outside the support of f . For a smooth function f (z) on the complex plane or circle, the Schwarzian derivative is defined by
(2.9)
It can be shown (see [23] , which uses results of [26, 27, 28] ) that e iT ( f ) (for real f ) leaves invariant the dense set k≥0 D(L k 0 ) ⊂ H of vectors, and on this set, we have the transformation formula
in the sense of distributions in the variable z ∈ S, where ρ = ρ t=1 is the flow of f at unit flow-'time', i.e., the exponential ρ = exp f. See [23] for the somewhat non-trivial assignment of phases and the unitary implementation of the covering group of Diff + (S), which corrects an error in [26] . The stress tensor on the real line is defined by pulling back the stress tensor on the circle via the Cayley transform C, which maps the real line to the circle by
with inverse C −1 (z) = i(1 − z)/(1 + z). Defining C(∞) = −1 this becomes a bijection between the compactified real line and the circle. Then the stress tensor on the real line is 12) in the sense of an operator valued distribution on the same domain. Using this formula, we can easily convert any result on stress tensor on the circle to one on the real line.
Relative entropy between vacuum and a coherent state
We first recall the definition of the relative entropy in terms of modular operators due to Araki. For details on operator algebras in general and references we refer to [29] and for a recent survey of operator algebraic methods in quantum information theory in QFT, we refer to [30] . A nice exposition directed towards theoretical physics audience is [31] . Let A be a v. Neumann algebra 5 of operators on a Hilbert space 6 , H . We assume that H contains a "cyclic and separating" vector for A, that is, a unit vector |Ω such that the set consisting of a|Ω , a ∈ A is a dense subspace of H , and such that a|Ω = 0 always implies a = 0 for any a ∈ A. We say in this case that A is in "standard form" with respect to the given vector. A + denotes the set of positive, self-adjoint elements in A (which are always of the form a = b * b for some b ∈ A).
In this situation, one can define the Tomita operator S on the domain dom(S) = {a|Ω | a ∈ A} by Sa|Ω = a * |Ω (3.1)
The definition is consistent due to the cyclic and separating property. It is known that S is a closable operator, and we denote its closure by the same symbol. This closure has a polar decomposition denoted by S = J∆ has an analytic continuation to the strip {z ∈ C | −1 < ℑz < 0} with the property that its boundary value for ℑz → −1 + exists and is equal to 
where the overbar means closure and j(a) = JaJ. The state functional is thus ω ′ (a) = Ω ′ |aΩ ′ for all a ∈ A.
A generalization of this construction is that of the relative modular operator, flow etc. For this purpose, let ω ′ be a normal state on A, |Ω ′ its unique vector representative in the natural cone in H , which is assumed (for simplicity) to be cyclic and separating, too. Then we can consistently define S ω,ω ′ a|Ω ′ = a * |Ω (3.6) form the closure, and make the polar decomposition S ω,ω ′ = J ω ∆ In the case of Type I factors ("quantum mechanics"), e.g. A = M N (C), the situation is this: State functionals are equivalent to density matrices ρ via ω(a) = Tr(aρ), H is the algebra itself M N (C) ∼ = C N ⊗ C N on which A acts by left multiplication. The state |Ω corresponds to |ρ 1/2 , the inner product is a|b = Tr(a * b), the modular operator is ∆ = ρ ⊗ ρ −1 , and the relative modular operator is ρ ⊗ ρ ′−1 , where ρ ′ is the density matrix associated with ω ′ . for two states. Using this, one verifies S(ω/ω ′ ) = Trρ(log ρ − log ρ ′ ). These formulae do not hold for type III factors which occur in quantum field theories.
The relative entropy has many beautiful properties. It is e.g. never negative, but can be infinite, is decreasing under completely positive maps, is jointly convex in both arguments, etc. The physical interpretation of S(ω/ω ′ ) is the amount of information gained if we update our belief about the system from the state ω to ω ′ .
In this paper, we are interested in the special case when ω ′ = ω U , where
and where U is some unitary operator from A. The corresponding vector representative in the natural cone is |Ω U = U j ω (U )|Ω , with j ω (a) = J ω aJ ω . Going through the definitions, one finds immediately that j ω (U )∆
where ∆ is the modular operator of the original state ω.
Relative entropy between vacuum and coherent state
We now apply (3.9) to the following situation: A is the v. Neumann closure of {e iΘ( f ) | f ∈ C ∞ 0,R (R + )}, i.e. the algebra associated with the smeared stress tensor on the right half-line, |Ω = |Ω 0 is the vacuum state, and U = e iΘ( f ) , where f is a specific smooth real valued function supported on the real half line. |Ω 0 is separating (and cyclic) by the Reeh-Schlieder theorem. We call ω 0 resp. ω f the corresponding expectation functionals on A.
The modular operator ∆ for |Ω 0 with respect to A is known from the Bisognano-Wichmann theorem [32] to be given by ∆ it a∆ −it = e −2πitD ae 2πiD , where D = − i 2 (L 1 − L −1 ) = uΘ(u)du is the generator of dilations on the real line. Then (3.9) gives, since U ∈ A and since the vacuum is invariant under ∆ it and under e 2πitD :
using in the last step that k≥0 D(L k 0 ) ⊂ H is a common core for the operators Θ(g), and in particular D, which follows from Theorem VIII.11 of [33] and footnote 8 of [23] .
At this stage, we are allowed to use the transformation formula (2.10) (pulled back to the real line via the Caley transform),
where ρ(u) is the diffeomorphism of the positive half-line generated by the vector field f (u)d/du, i.e. ρ(u) = ρ 1 (u) for the flow dρ t (u)/dt = f (ρ t (u)) and ρ 0 (u) = u. This diffeomorphism is by construction equal to the identity on the left real half-line, meaning that the second term on the right side of this equation requires integration only over the positive real half line. The first term involving the stress tensor has a vanishing expectation value in the vacuum. The second term can be rewritten in a more suggestive form introducing u = e s and ϕ(s) = log(ρ(e s )). Geometrically, ϕ is a diffeomorphism on the real line induced by ρ under the exponential map. Therefore, it can be viewed as the flow ϕ t (s) at unit time t = 1 of the pull-back of the vector field f This is the claim made in the introduction.
